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Abstract
It is proved that if F is a fan, then the hyperspace of subcontinua of F is homeomorphic to a cone
over a continuum if and only if F is homeomorphic to a cone over a compact metric space.
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1. Introduction
Let C(X) denote the hyperspace of all subcontinua of a continuumX with the Hausdorff
metric [9]. There are general similarities between the hyperspaces C(X) and cones (the
similarities are discussed in [9, pp. 59–60]). Thus, the study of when C(X) is actually
homeomorphic to a cone is natural. Rogers [14] initiated the study; much work on the
topic has been done over the past thirty years. Most of the work has been concerned with
when C(X) is the cone over the same continuum X. However, recently the emphasis has
broadened to the problem of determining when C(X) is a cone over some continuum Y
(a problem posed in (8.35) of [12]). For example, Macías [11] has recently shown that
for graphs X, C(X) is a cone over a continuum Y if and only if X is an arc, a simple
closed curve, or a simple n-od. The fact that the hyperspace of a simple n-od is a cone
was investigated further by Ancel and Nadler [1], who showed that the base of the cone is
unique if and only if n= 3 or 4. For other results, see [10,8].
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Since a simple n-od is a special case of a fan, we are led to inquire into when the
hyperspace of a fan is a cone. Geometric models for hyperspaces of smooth fans were
given by Eberhart and Nadler [5]. It is easy to see from the models that some smooth fans
have hyperspaces that are cones while others do not. We determine exactly which fans have
hyperspaces that are cones; namely, we prove that for a fan F , C(F ) is a cone if and only
if F itself is a cone (Theorem 4.3).
2. Notation and terminology
The same letter d always denotes a metric even when several spaces are involved (since
no confusion results).
The symbol ab denotes an arc with end points a and b (ab= {a} when a = b).
We use diam in denoting the diameter of a set.
We denote the unit interval [0,1] by I . We denote the Hilbert cube by I∞.
We use Cl in denoting the closure of a set in a space.
We use dim in denoting the topological dimension; dimp(X) means the dimension of a
space X at a point p.
A continuum is a nonempty compact connected metric space.
Maps. The term map means a continuous function. We use the double headed arrow in
f :X Y to signify that the map f is surjective (i.e., f (X)= Y ).
Given ε > 0, an ε-map is a map f :X → Y such that diam(f−1(f (X))) < ε for
every x ∈X.
Hyperspaces. The hyperspace of subcontinua of a continuum X is the space C(X) of
all subcontinua of X with the Hausdorff metric [9]; H always denotes the Hausdorff
metric [9]. The symbol F1(X) denotes the space of singletons; that is,
F1(X)=
{{x} | x ∈X}.
For a point p ∈X,
Cp(X)=
{
A ∈ C(X) | p ∈A}.
Fans. A dendroid is an arcwise connected and hereditarily unicoherent continuum. A fan
is a dendroid with exactly one ramification point (i.e., with only one point which is the
common part of three otherwise disjoint arcs) [2]. The unique ramification point of a fan
F is called the top of F ; τ always denotes the top of a fan. By an end point of a fan F we
mean an end point in the classical sense, which means a point e of F that is a nonseparating
point of any arc in F that contains e; E(F) denotes the set of all end point of a fan F . A leg
of a fan F is the unique arc in F from τ to some end point of F .
For a fan F ,
N [C(F )]= {τx: x ∈ F };
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N [C(F )] is called the natural part of C(F ). Also,
T [C(F )]=
⋃
e∈E(F )
C(τe);
we call T [C(F )] the two-dimensional part of C(F ) (which is justified by Lemma 3.1).
A fan F is said to be smooth provided that whenever {xi}∞i=1 is a sequence in F
converging to a point x of F , then {τxi}∞i=1 converges to τx . Thus, a fan is smooth if
and only if the natural map ϕ :F  N [C(F )], given by ϕ(x) = τx, is continuous and,
hence, a homeomorphism.
Cones. The cone over a continuum Y , denoted by is Cone(Y ), is the quotient space
(Y × I)/(Y × {1}) obtained from the Cartesian product Y × I by shrinking Y × {1} to
a point v called the vertex of the cone [13, p. 41]; v always denotes the vertex of a cone.
The base of Cone(Y ) is {(y,0): y ∈ Y }, which we denote by B(Y ). A coning arc is the
image under the quotient map of an arc in Y × I of the form {(y,0)}× I .
We will often use geometric cones, which are obtained as follows: Let Y ⊂ I∞ × {0},
Y = ∅, and fix a point (p,1) ∈ I∞ × I ; then the geometric cone over Y , denoted by
GCone(Y ), is the union of all convex arcs in I∞×I from (p,1) to points of Y . We consider
GCone as a geometric coning operator that is applied to any nonempty subset of Y . Note
that GCone(Y ) is not homeomorphic to Cone(Y ) when Y is not compact. However, when
Y is compact, it is easy to see that there is a homeomorphism h of GCone(Y) onto Cone(Y )
such that h(Y )= B(Y ), h((p,1))= v, and h(A) is a coning arc in Cone(Y ) for any convex
arc A in GCone(Y ) from (p,1) to a point y ∈ Y . Hence, we transfer our notation and
terminology for cones to geometric cones in the obvious way: v = (p,1), coning arc refers
to a convex arc A in the geometric cone from v to a point y ∈ Y , etc. If Y is compact, then
Cone(Y ) refers to the geometric cone over Y as well as to the cone over Y ; however, it is
important to remember that for a noncompact subset Z of Y , then the notation Cone(Z)
means GCone(Z) with the same vertex v as Cone(Y ). In short, all cones are geometric
cones and all results are for cones (since all base spaces for results are compact).
3. Reduction to smooth fans
We prove that if F is a fan such that C(F ) is a cone then F must be smooth. This is a
preliminary step towards proving our main theorem.
The following result is not as obvious as it may seem since there exist very complicated
fans (e.g., fans whose set of end points is one-dimensional).
Lemma 3.1. If F is a fan, then dim(T [C(F )])= 2.
Proof. Let ε > 0. Then, by Theorem 1 of [6, p. 120], there is an ε-map r :F  Y , where
Y is an n-od for some n (n depends on ε). Furthermore, without loss of generality, r maps
legs of F to legs of Y (this follows from Proposition 4 of [6, p. 119] and the way the maps
fj and g are defined in [6, p. 124]).
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Now, consider the induced map rˆ :C(F )→ C(Y ) given by rˆ(A) = r(A) for all A ∈
C(F ). Let g = rˆ|T [C(F )]. Then, g maps T [C(F )] to T [C(Y )] and, by [9, 22.4], g is a ε-map.
Also, T [C(F )] is compact (by a sequence argument) and T [C(Y )] is a two-dimensional
polytope (by [9, 5.4]).
Thus, we have proved that for each ε > 0, there is an ε-map of T [C(F )] to a two-
dimensional polytope. Therefore, by the Corollary in [7, p. 72], dim(T [C(F )])= 2. ✷
Lemma 3.2. Let F be a fan with top τ . If h :C(F ) Cone(Y ) is a homeomorphism for
some continuum Y , then h({τ })= v.
Proof. We first note the following fact: For each y ∈ Y , Cone({y}) has the same dimension
at each point of Cone({y})\{v} (proved in [1, p. 28] at the beginning of the proof of
Proposition 5.3). Hence, letting
T = Cl({z ∈ Cone(Y ) | dimz
(
Cone(Y )
)= 2}),
we see that T = Cone(B) for some B ⊂ Y . Thus, v ∈ T and v is the only possible point of
T that can arcwise disconnect T into more than two arc components.
Now, recall from Section 2 that T [C(F )] =⋃e∈E(F ) C(τe). Let T = Cl({A ∈ C(F ) |
dimA(C(F ))= 2}). By Lemma 3.1, T [C(F )] ⊂ T . On the other hand, it is easy to see that
if A ∈ Cτ (F ), then dimA(C(F )) 3. Hence, T [C(F )] = T and h(T [C(F )])= T .
Note that each C(τe) is a 2-cell [9, p. 33] and C(τe1)∩C(τe2)= {τ }when e1, e2 ∈E(F)
and e1 = e2. Hence, T [C(F )] is arcwise connected, {τ } arcwise disconnects T [C(F )] into
more than two arc components (since E(F) contains at least three points), and {τ } is the
only point of T [C(F )] that arcwise disconnects T [C(F )]. Since v is has these properties
with respect to T (see Section 1), we have that h({τ })= v. ✷
Lemma 3.3. Let F be a fan with top τ . If h :C(F ) Cone(Y ) is a homeomorphism, for
some continuum Y , then for each leg τe of F , h[F1(τe) ∪ Ce(τe)] contains a coning arc,
Ke, of Cone(Y ). Moreover, h[F1(τe)] ⊂Ke or Ke ⊂ h[F1(τe)].
Proof. Let τe be a leg of F . Then, C(τe) is the closure of a two-cell in C(F ). The
manifold boundary of C(τe) is F1(τe) ∪ Ce(τe) ∪ Cτ (τe) [9, 5.1.1]. Note that given
B ∈ C(τe), dimB[C(F )] 3 if and only if B ∈ Cτ (τe). Hence, h[Cτ (τe)] is a coning arc in
Cone(Y ). Thus, h[F1(τe)∪Ce(τe)] contains a coning arc, Ke, of Cone(Y ). By Lemma 3.2,
h({τ })= v, then v ∈ h[F1(τe)]. Since v ∈ h[F1(τe)] ∩Ke , we have that h[F1(τe)] ⊂Ke
or Ke ⊂ h[F1(τe)]. ✷
Lemma 3.4. Let F be a fan with top τ such that C(F ) is a cone. Then, there exists a subfan
F ′ of F which is a cone and such that F ′ is a closed neighborhood of τ in F .
Proof. Suppose C(F ) is homeomorphic to Cone(Y ) and let h :C(F ) Cone(Y ) be a
homeomorphism. Note that h({τ })= v by Lemma 3.2.
Suppose F =⋃e∈E(F ) τe.
By Lemma 3.3, for each e ∈ E(F), there exists a coning arc Ke in Cone(Y ) such that
either h[F1(τe)] ⊂ Ke or Ke ⊂ h[F1(τe)]. Hence, h[F1(τe)] ∩ Ke is either h[F1(τe)]
or Ke.
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Let s = inf{d(τ, e) | e ∈E(F)}. We prove that s > 0. If s = 0, we could find a sequence
{en}∞n=1 of elements of E(F) converging to τ . But this implies that {τ } does not have a
basis of connected neighborhoods. However, this is not possible since Cone(Y ) is locally
connected at v. Therefore, s > 0.
Since s > 0 and h[F1(τe)] ∩Ke is either h[F1(τe)] or Ke for each e ∈ E(F), there
exists r > 0 such that diam(h[F1(τe)] ∩Ke) > r for each e ∈E(F). Let ze ∈ h[F1(τe)] ∩
Ke be such that d(v, ze)= r , for each e ∈ E(F). Let vze denote the subarc of Ke from v
to ze , for each e ∈E(F). Then, ⋃e∈E(F ) vze is a fan, that is obviously a cone. Thus, since
vze ⊂ h[F1(F )] for each e ∈E(F), D = h−1(⋃e∈E(F ) vze) is a subfan of F1(F ) which is
a cone and a closed neighborhood of {τ } in F1(F ). Let F ′ be the subfan of F such that
F1(F ′)=D. Then F ′ is the required fan. ✷
Theorem 3.5. Let F be a fan with top τ such that C(F ) is a cone. Then F is a smooth fan.
Proof. Suppose C(F ) is homeomorphic to Cone(Y ) and let h :C(F ) Cone(Y ) be a
homeomorphism. Note that h({τ })= v by Lemma 3.2.
Suppose F =⋃e∈E(F ) τe. Suppose F is not smooth.
Since F is not smooth, there exists ε0 > 0 such that for each positive integer n, there
are points en ∈E(F) and an, bn ∈ τen \ {τ } such that d(an, bn) < 1n and diam(anbn) ε0
[2, Theorem 2, p. 9]. Without loss of generality, we assume that the sequences of points
{an}∞n=1 and {bn}∞n=1 converge to a point c and the sequence of arcs {anbn}∞n=1 converges
to an arc D.
In coning arcs, the diameter of an arc joining two points is the distance between its
end points. Thus, by Lemma 3.3, for each positive integer n, Ken ⊂ h[F1(τen)] and, in
particular, h({an}), h({bn}), h({c}) ∈ B(Y ).
Since h is uniformly continuous, there exist ε1 > 0 and a sequence {δn}∞n=1 of positive
numbers converging to zero such that for each positive integer n, d(h({an}), h({bn})) < δn
and diam(h({an})h({bn})) ε1. Clearly, {h({an})}∞n=1 and {h({bn})}∞n=1 converge to h({c})
and {h({an})h({bn})}∞n=1 converges to h(D).
By Lemma 3.4, there exists a subfan F ′ of F which is a cone such that F ′ is a closed
neighborhood of τ in F . Hence, C(F ′) is a closed neighborhood of {τ } in C(F ).
We let π : Cone(Y )  I be the natural projection map given by π(v) = 1 and
π((y, t)) = t for each (y, t) ∈ Cone(Y ) \ {v}. We use pairs (A, t) to denote the natural
isotopic copy of elements A of B(Y ) at the level π−1(t) of Cone(Y ).
Let t ∈ [0,1) be such that π−1([t,1]) is contained in h[C(F ′)]. Thus, there exist ε2 > 0
and a sequence, {δ′n}∞n=1, of positive numbers converging to zero such that for each n,
d((h({an}), t), (h({bn}), t)) < δ′n and that diam((h({an}), t)(h({bn}), t)) ε2.
Observe that if αn is an arc h[C(F ′)] whose end points are (h({an}), t) and (h({bn}), t),
then diam(αn) diam((h({an}), t)(h({bn}), t)).
Since h is uniformly continuous, there exist ε3 > 0 and a sequence, {δ′′n}∞n=1, of positive
numbers converging to zero such that for every positive integer n, d(h−1[(h({an}), t)],
h−1[(h({bn}), t)]) < δ′′n and any arc in C(F ′) whose end points are h−1[(h({an}), t)]
and h−1[(h({bn}), t)] has diameter at least ε3. This is impossible in the hyperspace of
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subcontinua of a smooth fan as can be seen using the geometric model of such a hyperspace
as given in [5, 3.1].
Therefore, F is a smooth fan. ✷
4. Main theorem
We characterize the class of fans whose hyperspaces of subcontinua are cones.
Lemma 4.1. Let F be a fan with top τ . If C(F ) is a cone, then N [C(F )] is a cone.
Proof. Suppose C(F ) is homeomorphic to Cone(Y ). Let h :C(F )  Cone(Y ) be a
homeomorphism.
Since F is a fan, F =⋃e∈E(F ) τe [2, p. 6]. For each e ∈E(F), let Ne = {τx | x ∈ τe}.
Note that Ne is an arc from {τ } to τe in C(τe), and Ne is part of the manifold boundary of
C(τe). Also observe that given B ∈ C(τe), dimB(C(F )) 3 if and only if B ∈Ne. Hence,
h(Ne) is a coning arc with h(τe) as its base point. Since, clearly N [C(F )] =⋃e∈E(F )Ne,
N [C(F )] is a cone. ✷
Lemma 4.2. If F is a fan that is a cone, then F = Cone(E(F )) and the family of legs of F
does not contain a null sequence.
Proof. Suppose F = Cone(Y ) for some nondegenerate compactum Y . The only points of
Cone(Y ) that can be end points in the classical sense are the points of the base B(Y ) of the
cone; hence, E(F) ⊂ B(Y ). Since dim(Cone(Y )) = 1, dim(Y ) = 0 [12, (8.0)] and, thus,
Y does not contain an arc; hence, it follows using the projection of Cone(Y ) \ {v} onto
B(Y ), that every point of B(Y ) is an end point in the classical sense of Cone(Y ). Thus,
B(Y )⊂E(F).
Therefore, we have proved that B(Y )= E(F). Hence, F = Cone(Y ), it follows easily
that the family of legs of F does not contain a null sequence. ✷
Theorem 4.3. Let F be a fan with top τ . Then, C(F ) is a cone iff F is a cone.
Proof. Let F be a fan which is a cone. Then F is smooth. We assume by ([4, Corollary 4]
and [2, Theorem 9, p. 27]) F is embedded in R2, τ = (0,0) is the top of F and the legs of
F are convex arcs of length one (see Lemma 4.2). Given two points a and b of R2, [a, b]
denotes the convex arc in R2 whose end points are a and b.
Let E(F)= {eλ}λ∈Λ. Then F = Cone(E(F )) by Lemma 4.2.
For each λ ∈Λ, let Eλ = {A ∈ C(F ) | eλ ∈A}. Let B =⋃λ∈Λ Eλ.
Let g :B× I → C(F ) be given by
g(A, t)=


{τ } if t = 1,⋃
aλ∈E(A)
[
τ, (1− t)aλ
]
if τ ∈A and A=⋃aλ∈E(A)[τ, aλ],[
(1− t)a, (1− t)eλ
]
if τ /∈A and A= [a, eλ], for some λ ∈Λ.
The smoothness of F implies the continuity of g.
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We show that g is one-to-one on B × [0,1). Let t, s ∈ I with t = 1, and let A,B ∈ B.
Suppose that g(A, t)= g(B, s).
Case (1). τ /∈ A. Then τ /∈ B and [(1 − t)a, (1 − t)eλ] = [(1 − s)b, (1− s)eλ]. Hence,
(1− t)eλ = (1− s)eλ. Thus, t = s. Therefore, a = b and A= B .
Case (2). τ ∈ A. Then τ ∈ B . Hence A=⋃aλ∈E(A)[τ, aλ] and B =
⋃
bλ∈E(B)[τ, bλ].
Since A and B belong to B, there exist aλ1 ∈ E(A) and bλ2 ∈ E(B) such that aλ1 = eλ1
and bλ2 = eλ2 . Hence
[
τ, (1− t)eλ1
]= [τ, (1− s)bλ1
]
and
[
τ, (1− t)aλ2
]= [τ, (1− s)eλ2
]
.
The first inequality implies that t  s and the second inequality implies that t  s.
Therefore t = s. Hence A= B .
To show that g is onto. Let B ∈ C(F ). If B = {τ }, then g(A,1) = {τ } for any A ∈ B.
Thus, assume B = {τ }. If B ∩E(F) = ∅, then g(B,0)= B .
Suppose B ∩ E(F) = ∅. Let t = inf{d(b, eλ) | b ∈ B and eλ ∈ E(F)}. Since B = {τ },
t = 1. Then there exists λ0 ∈Λ such that d(bλ0, eλ0)= t , where {bλ0} =E(B)∩ [τ, eλ0].
Case (1). τ ∈ B . Then B =⋃bλ∈E(B)[τ, bλ]. Let A =
⋃
bλ∈E(B)[τ, 11−t bλ]. Note that
when λ= λ0, we have that 11−t bλ0 = eλ0 . Hence, A ∈ B and g(A, t)= B .
Case (2). τ /∈B . Then B = [b, bλ0]. Let A= [ 11−t b, 11−t bλ0]. Then A ∈ B and g(A, t)=
B .
By the Transgression Lemma [13, 3.22], we have C(F ) is homeomorphic to Cone(B).
Now, suppose that C(F ) is homeomorphic to Cone(Y ) for some nondegenerate
continuum Y . By Lemma 4.1, N [C(F )] is a cone. Since C(F ) is a cone, by Theorem 3.5
F is smooth. Therefore, as noted in Section 2, F is homeomorphic to N [C(F )]. Hence, F
is a cone. ✷
Let us observe that there are smooth fans F such that C(F ) is not a cone. For example,
let F be the harmonic fan with the limit arc extended past the end point to a larger arc.
Then F is a smooth fan which is not a cone; therefore, C(F ) is not a cone either by
Theorem 4.3.
Theorem 4.3 cannot be generalized effectively to cones over compact sets that are not
connected: For, if X is a continuum such that C(X) is Cone(Y ), then Y is a continuum (this
is due to the fact that if Y is not connected, then {v} is a separating point of Cone(Y ), but
C(X) has no separating point [12, (1.204.1)]).
Our characterization for fans leads us to state the following problem as a special case of
the question (8.35) of [12]:
Problem 4.4. Characterize all the dendroids whose hyperspace of subcontinua are cones.
Dendrites with no free arcs are examples of dendroids whose hyperspace of subcontinua
are cones ([3, 4.1] or [9, 11.3]).
36 S. Macías, S.B. Nadler Jr / Topology and its Applications 126 (2002) 29–36
References
[1] F.D. Ancel, S.B. Nadler Jr, Cones that are cells, and an application to hyperspaces, Topology Appl. 98 (1999)
19–33.
[2] J.J. Charatonik, On fans, Dissertationes Math. 54 (1967) 1–37.
[3] D.W. Curtis, R.M. Schori, Hyperspaces of Peano continua are Hilbert cubes, Fund. Math. 101 (1978) 19–38.
[4] C. Eberhart, A note on smooth fans, Colloq. Math. 20 (1969) 89–90.
[5] C. Eberhart, S.B. Nadler Jr, Hyperspaces of cones and fans, Proc. Amer. Math. Soc. 77 (1979) 279–288.
[6] J.B. Fugate, Retracting fans onto finite fans, Fund. Math. 71 (1971) 125–133.
[7] W. Hurewicz, H. Wallman, Dimension Theory, Princeton University Press, Princeton, NJ, 1948.
[8] A. Illanes, M. de J. López, Hyperspaces homeomorphic to cones II, Topology Appl., to appear.
[9] A. Illanes, S.B. Nadler Jr, Hyperspaces: Fundamentals and Recent Advances, in: Monographs and Textbooks
in Pure and Applied Math., Vol. 216, Marcel Dekker, New York, 1999.
[10] M. de J. López, Hyperspaces homeomorphic to cones, Topology Appl., to appear.
[11] S. Macías, Hyperspaces and cones, Proc. Amer. Math. Soc. 125 (1997) 3069–3073.
[12] S.B. Nadler Jr, Hyperspaces of Sets, in: Monographs and Textbooks in Pure and Applied Math., Vol. 49,
Marcel Dekker, New York, 1978.
[13] S.B. Nadler Jr, Continuum Theory: An Introduction, in: Monographs and Textbooks in Pure and Applied
Math., Vol. 158, Marcel Dekker, New York, 1992.
[14] J.T. Rogers Jr, The cone= hyperspace property, Canad. J. Math. 24 (1972) 279–285.
